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ABSTRACT

A new rate expression for particle-diffusion-controlled ion exchange, based on an
equivalent pseudosteady-state film resistance model, is developed. The rate expres-
sion approximates the electric field effects on intraparticle diffusion in spherical ion-
exchangers. With regard to the prediction of batch exchange and column breakthrough
curves for both irreversible and reversible processes, the model captures the essential
traits of the coupled diffusion phenomenon described by the Nernst–Planck equation
with results of accuracy comparable to that obtained when using the linear driving
force approximation for systems with constant diffusivity. Numerical results for the
exchange of two counterions of equal valence are presented as application examples
for different mobility ratios and selectivity coefficients.

Key Words. Ion exchange; Mass transfer; Nernst–Planck model;
Linear driving force approximation

INTRODUCTION

A quantitative description of adsorptive separation processes typically re-
quires a representation of both equilibrium and rate phenomena. For example,
when using particulate adsorbent media in a fixed bed, rate expressions de-

* To whom correspondence should be addressed.
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scribing intraparticle diffusion are obtained by writing transient conservation
equations in spherical coordinates for the particles. These equations are, in
turn, coupled to overall transient balances for the column through boundary
conditions at the particle–fluid interface, yielding a system of nonlinear partial
differential equations in three independent variables: the column axis, the
particle radius, and time. The resulting system of equations can be stiff be-
cause of the nonlinearity of the adsorption isotherm. Thus, it is often desirable
to use simpler explicit expressions to represent the rate of interphase mass
transfer. A popular choice is the so-called linear driving force (LDF) approxi-
mation, where the rate of interphase mass transfer is expressed as the product
of a rate coefficient times a driving force written as a concentration difference.
The LDF approximation was originally obtained by Glueckauf (1) for batch
adsorption with a linear isotherm and a constant diffusivity. However, it is
also often used to describe both batch and column adsorption processes even
if the isotherm is nonlinear since it produces results which are typically quali-
tatively and often quantitatively correct (2).

The LDF approximation can be derived mathematically by assuming that
the intraparticle concentration profile is parabolic (3). When the intraparticle
diffusivity, D, is constant, and the diffusion resistance in the adsorbed phase
is dominant, the dimensionless intraparticle flux of an adsorbate species in
a sorbent particle of radius rp and capacity q0 is given by

J* 4 1
∂y
∂r

(1)

where J* 4 rpJ/Dq0. y is the dimensionless solute concentration and r is
the dimensionless radial coordinate. If the concentration profile inside the
particle is assumed to be parabolic, we have (3):

1∂y
∂r2

r41

4 5(y* 1 y) (2)

where y is the average concentration in the sorbent particle and y* is the
equilibrium concentration at the particle surface. The following rate equation
is obtained by combining Eq. (2) with an overall mass balance for the particle:

∂y
∂t

4 15(y* 1 y) (3)

where t 4 Dt/r2
p is a dimensionless diffusion time.

For the exchange of two counterions A and B in an ion-exchange resin,
the situation is further complicated by the electrical coupling of diffusion
fluxes. When the mobilities of the exchanging ions are different, an electric
field gradient is established during the exchange process giving rise to effec-
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tive diffusivities that vary strongly with composition. In this case, for a coun-
terion A of charge zA, the equivalent dimensionless flux can be expressed by
the Nernst–Planck equation (4):

J*A 4 1
1
a 1∂yA

∂r
` zAyA

I
RT

∂f
∂r2 (4)

where a 4 DB/DA is the ratio of the self-diffusivities of the two counterions,
yA is the equivalent fraction in the exchanger phase, and f is the electric
potential. In this case the dimensionless flux is J*A 4 rpJA/DBq0 where JA

is the equivalent ion flux and q0 is the exchanger capacity. Assuming zero
current (JA ` JB 4 0), and that the equivalent ion concentration inside the
exchanger remains constant (yA ` yB 4 1), the electric field can be elimi-
nated, yielding the result (5):

J*A 4 1
(1 1 h)yA ` h

(1 1 ha)yA ` ha
∂yA

∂r
(5)

where h 4 zB/zA. As discussed by Helfferich (4), this equation shows that
as yA approaches unity, the controlling diffusivity becomes that of ion B.
Conversely, as yA approaches zero, the controlling diffusivity becomes that
of ion A. Considering, for example, a batch system, the exchange process
tends to proceed faster when the ion initially in the exchanger is the one with
higher diffusivity than when the ion initially in the exchanger has lower
diffusivity. Numerical results obtained with this equation are given by Helffer-
ich and Plesset (5) and Plesset et al. (6) for exchange on a single particle,
and by Kataoka et al. (7) for irreversible ion exchange in columns under
constant-pattern conditions.

Approximations for these equations have been proposed by a few authors.
Rendueles de la Vega et al. (8) proposed the use of a ‘‘corrected Fick diffusiv-
ity’’ for equivalent binary exchange (h 4 1). In this approach the particle
conservation equation (modeled assuming a slab geometry) is solved assum-
ing a constant ‘‘corrected diffusivity’’ value. The latter value, in turn, is
obtained by matching the numerical solution of the constant-diffusivity model
to the numerical solution of the Nernst-Planck model (also for a slab geome-
try) in such a way as to obtain consistent results. Following a different ap-
proach, Melis et al. (9) developed an extension of the LDF approximation
which does not require solving a partial differential equation. In this approach
the intraparticle concentration profile is assumed to be parabolic and the
electric potential gradient is calculated accordingly using Eq. (4) with the
condition of zero electric current. For reversible binary exchange, the result
can be expressed as
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∂yA

∂t
4 15

(1 1 h)y*A ` h
(1 1 ha)y*A ` ha

(y*A 1 yA) (6)

where the dimensionless time is t 4 DBt/r2
p. Comparing Eq. (6) with Eqs.

(3) and (5), we see that the term [(1 1 h)y*A ` h]/[(1 1 ha)y*A ` ha] is
a correction factor to the classical LDF approximation that depends on the
exchanger composition, y*A, at the particle–fluid interface. Melis et al. (9)
showed that this treatment, in general terms, provides a good approximation
of the Nernst–Planck model for an experimental system characterized by a
moderate selectivity coefficient and moderate values of a. Because of the
assumption made in deriving the model, however, it is expected that this
approximation is likely not adequate for ion-exchange systems where the
intraparticle concentration profiles are far from parabolic. This occurs when
the interfacial concentration y*A approaches unity, i.e., for irreversible (or very
favorable) exchange, when the diffusivity ratio a is large (5, 6).

Thus, the objectives of this paper are twofold:

1. To develop a new approximate rate expression for binary ion exchange
taking into account the electric field effect with validity for both small
and large values of a.

2. To test this approximation with regard to the prediction of batch exchange
and column breakthrough curves for both irreversible and reversible ex-
change in comparison with the results predicted by the Nernst–Planck
model.

THEORETICAL DEVELOPMENT

Nernst–Planck Model

Dimensionless conservation equations for the Nernst–Planck model, as-
suming spherical particles and neglecting volume changes in the exchanger,
can be written as

∂yA

∂t
4

1
r2

∂
∂r 3r2 (1 1 h)yA ` h

(1 1 ha)yA ` ha
∂yA

∂r 4 (7)

r 4 0:
∂yA

∂r
4 0 (7a)

r 4 1: yA 4 y*A (7b)

t 4 0: yA 4 0 (7c)

yA 4 3 E 1

0
yAr2dr (7d)
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These equations are related to overall balances which may be written as
follows.

For a batch system:

dxA

dt
4 1l

dyA

dt
4 13l 3 (1 1 h)yA ` h

(1 1 ha)yA ` ha
∂yA

∂r 4
r41

(8)

t 4 0: xA 4 x0
A (8a)

where l 4 Vrq0/VsC0.

For a column:

∂yA

∂t′ `
∂xA

∂j
4 0 (9)

∂yA

∂t′ 4 3 3 (1 1 h)yA ` h
(1 1 ha)yA ` ha

∂yA

∂r 4
r41

(9a)

j 4 0: xA 4 x0
A (9b)

t′ 4 0: xA 4 0 (9c)

where t′ 4 t 1 j/L, j 4 LDBz/vr2
p, and L 4 (1 1 e)q0/eC0.

The external mass transfer resistance is neglected in these equations. Thus,
for an ideal system, y*A is related to the fluid-phase equivalent fraction in
solution by the mass action law (4):

K 1q0

C02
1/h11

4
y*A(1 1 xA)1/h

(1 1 y*A)1/h xA
(10)

Dimensional forms of these equations can be found in Ref. 10. In general, a
numerical solution is required unless h 4 1 and a 4 1. This was obtained
by discretizing the particle conservation equation in the r-direction using the
finite difference scheme of Kataoka et al. (7). For the case of batch exchange,
the resulting system of ordinary differential equations was integrated numeri-
cally together with Eq. (8) using subroutine DIVPAG in the IMSL library.
For the case of exchange in a column, Eq. (9) was discretized in the axial
direction by backward finite differences. In general this introduces numerical
dispersion. However, in this case the number of axial discretization points
was chosen sufficiently large so as not to affect significantly the accuracy
of the numerical results. For the case of irreversible exchange, numerical
approximations of the exact solution are given by Helfferich and coworkers
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(5, 6) for a batch system and by Kataoka et al. (7) for constant-pattern break-
through.

Film Model Approximation

To develop this approximation we note that if one assumes that the intrapar-
ticle mass transfer resistance is represented by pseudosteady-state diffusion
through a hypothetical flat film of thickness d 4 rp/5, a result mathematically
equivalent to the Glueckauf LDF approximation (Eq. 3) is obtained for the
case of a constant diffusivity system. Using the same representation for binary
ion exchange, and expressing the flux with Eq. (5), yields the following equa-
tion and boundary conditions:

d
dr 3 (1 1 h)yA ` h

(1 1 ha)yA ` ha
dyA

dr 4 4 0 (11)

r 4 1 1
1
5
: yA 4 yA (11a)

r 4 1: yA 4 y*A (11b)

Integrating Eq. (11) across the film and combining the result with an overall
species balance for a spherical particle, the following film model approxima-
tion is obtained:

∂yA

∂t
4 15 3 1 1 h

1 1 ha
`

h(1 1 a)
1 1 ha

1
D4 (y*A 1 yA) (12)

where

D 4
(1 1 ha)(y*A 1 yA)

ln3(1 1 ha)y*A ` ha
(1 1 ha)yA ` ha4

(12a)

The term in brackets in Eq. (12) represents a correction factor for the classical
LDF approximation accounting for the effect of the electric field. When
a 4 1 (equal diffusivities), Eq. (12) reduces to Eq. (3). Analytic solutions
for batch adsorption and for constant pattern breakthrough can be found solv-
ing Eq. (8) or (9) with Eq. (12) for the case of irreversible exchange (y*A 4
1) when h 4 1, and are given below.

Film model solution for batch adsorption (y*A 4 1, h 4 1):

15t 4 lnh ln(a)
ln[(1 1 a)yA ` a]j ` O`

k41

$ln(a)}k 1 $ln[(1 1 a)yA ` a]}k

k⋅k!

(13)

Film model solution for irreversible constant pattern (y*A 4 1, h 4 1):
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15(t′ 1 j) 4 1ln$ln[(1 1 a)xA ` a]}

1 O`
k41

$ln[(1 1 a)xA ` a]}k

k⋅k!
` g (14)

In this case, for constant pattern yA 4 xA. Equation (14) contains an integra-
tion constant g which is obtained from the material balance condition (10):

E 1

0
(t′ 1 j)dxA 4 0 (15)

This yields

g 4 E 1

0
hln$ln[(1 1 a)xA ` a]} ` O`

k41

$ln[(1 1 a)xA ` a]}k

k⋅k! j dxA

(16)

Other cases with h ≠ 1 (or for reversible exchange) are easily handled numeri-
cally as discussed previously.

Equations (13) and (14) converge to the corresponding well-known results
for constant diffusivity when a→1; that is:

15t 4 1ln(1 1 yA) (17)

for batch adsorption, and

15(t′ 1 j) 4 1ln(1 1 xA) 1 1 (18)

for constant pattern breakthrough (10). It should be noted that if the intraparti-
cle concentration profile is assumed to be parabolic, results identical to Eqs.
(17) and (18) are obtained independently of the value of a since that approxi-
mation yields D 4 DB 4 constant when y*A 4 1.

RESULTS AND DISCUSSION

Numerical results comparing the exact Nernst–Planck model solution to
the film model approximation are presented for different situations of potential
practical interest for the case of equivalent exchange (h 4 1): 1) irreversible
batch exchange, 2) reversible batch exchange and 3) breakthrough behavior
with both irreversible and reversible exchange. In each case, time is rendered
dimensionless using the diffusivity of the leaving ion B. Curves calculated
assuming a parabolic concentration profile inside the particle are also shown
for comparison.
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FIG. 1 Comparison of exact solution of Nernst–Planck model and film model approximation
for irreversible batch exchange with h 4 1. Resin initially in B-form.

Figure 1 shows results for the case of irreversible batch exchange with a
constant surface concentration y*A 4 1. For each value of a, the film model
solution underestimates the exchange rate for short times and overestimates
the rate for long times. This deficiency is characteristic of the LDF approxima-
tion. On the other hand, the effect of the electric field, i.e., the variation
of the curves with a, is correctly predicted. In accordance with the exact
Nernst–Planck solution, the rate is predicted to be faster when the faster ion
is initially in the resin. In this case the assumption of a parabolic concentration
profile would lead to a single curve independent of the value a and coincident
with the curve shown for the film model with a 4 1.

Numerical results for reversible batch exchange are shown in Figs. 2 and
3 for values of the selectivity coefficient K 4 10 and K 4 2. Values of
x0

A 4 0.7 and l 4 1 were chosen for both cases. Both figures give the
solution composition as a function of time. Curves calculated assuming that
the concentration profile inside the particle is parabolic are also shown. For
K 4 10 (Fig. 2), when a , 1, assuming that the intraparticle concentration
profile is parabolic, tends to underestimate the exchange rate. The film model
solution is closer to the exact Nernst–Planck model although, of course, it
still underestimates the rate for short times and overestimates it for long times.
For a 4 1, the film model and the solution obtained assuming a parabolic
concentration profile coincide and both are in approximate agreement with
the exact solution. As a become greater than 1, however, the solution obtained
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assuming a parabolic concentration profile tends to overestimate the rate while
the film model correctly predicts the general trend with regard to the effect
of the electric field on the exchange rate. For values of K 4 2 (Fig. 3), the
equilibrium is less favorable and the interfacial concentration, y*A, attains
lower values. In this case the intraparticle profiles retain a shape which is
generally parabolic and, as a result, the solution obtained assuming a parabolic
profile, as proposed by Melis et al. (9), compares favorably with the exact
solution. The film model again provides an approximate prediction of the
effect of the electric field and a qualitatively correct prediction of the shape
of the xA vs t curves for each value of a.

A comparison of the different models for the case of irreversible constant
pattern breakthrough is given in Fig. 4 for different values of a. In each case
the effluent profiles are centered around the value t′ 1 j 4 0. However, the

FIG. 2 Comparison of exact solution of Nernst–Planck model (NP), film model approximation
(F), and solution obtained assuming a parabolic intraparticle concentration profile (P) for reversi-
ble batch exchange with h 4 1, l 4 1, x0

A 4 0.7, and K 4 10. Resin initially in B-form.
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FIG. 3 Comparison of exact solution of Nernst–Planck model (NP), film model approximation
(F), and solution obtained assuming a parabolic intraparticle concentration profile (P) for reversi-

ble batch exchange with h 4 1, l 4 1, x0
A 4 0.7, and K 4 2. Resin initially in B-form.

slope decreases as the value of a increases. The solution obtained using the
diffusivity of the ion initially present in the resin as the controlling diffusivity
is also shown for comparison. This solution is obtained when the intraparticle
concentration profile is assumed to be parabolic. The film model, while not
reproducing the exact solution precisely everywhere, approximates the effect
of the electric field for each value of a. Similar results are obtained for
the case of reversible exchange. These results were obtained by numerical
integration and are shown in Fig. 5 for K 4 10 and in Fig. 6 for K 4 2.
For values of a of 1 or lower, the numerical results are nearly coincident
independently of the value of K since, as noted by Kataoka et al. (7), the
effect of the electric field is smaller when a # 1. When the exchange is
highly favorable, however, as in the case of K 4 10, as a is increased the
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solution obtained assuming a parabolic concentration profile inside the parti-
cles becomes progressively worse since it tends to predict a dominance of
the diffusivity of the leaving ion. Thus, a steeper breakthrough curve is pre-
dicted by this model. The film model solution, on the other hand, continues
to follow the breakthrough curve obtained from the Nernst–Planck model
predicting quantitatively the effect of the electric field. As the exchange equi-
librium becomes less favorable, as in the case of K 4 2 shown in Fig. 6,
the discrepancy between the different models becomes smaller. This occurs
because the surface of the particle does not immediately attain a value of
y*A approaching unity as in the case of irreversible or highly favorable ex-
change. Thus, in this case also the LDF correction factor obtained assuming
a parabolic profile, as suggested by Melis et al. (9), provides a good approxi-

FIG. 4 Comparison of exact solution of Nernst–Planck model (NP), film model approximation
(F), and solution obtained assuming a parabolic intraparticle concentration profile (P) for irrever-

sible constant pattern breakthrough behavior with h 4 1. Resin initially in B-form.
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FIG. 5 Comparison of exact solution of Nernst–Planck model (NP), film model approximation
(F), and solution obtained assuming a parabolic intraparticle concentration profile (P) for reversi-
ble breakthrough behavior with h 4 1, L 4 1, j 4 2, x0

A 4 1, and K 4 10. Resin initially
in B-form.

mation. It is worth noting that the film model appears to work well not only
for constant-pattern or near constant-pattern conditions as shown in Fig.
4(a–d), Fig. 5(a–d), and in Fig. 6(a–c), but also for nonconstant-pattern condi-
tions as shown in Fig. 6(d).

CONCLUSIONS

A rate expression for binary ion exchange, based on an equivalent pseu-
dosteady-state film resistance model, approximates the effects of the electric
field on intraparticle diffusion in spherical ion-exchanger particles. The model
converges to the classical Glueckauf LDF approximation when the ions have
equal diffusivity. When the diffusivities are different, however, the approxi-
mation contains a correction factor whose magnitude depends on the value
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FIG. 6 Comparison of exact solution of Nernst–Planck model (NP), film model approximation
(F), and solution obtained assuming a parabolic intraparticle concentration profile (P) for reversi-
ble breakthrough behavior with h 4 1, L 4 1, j 4 2, x0

A 4 1, and K 4 2. Resin initially
in B-form.

of the diffusivity ratio, a, and the charge ratio, h, of the two counterions.
Calculated batch uptake curves and breakthrough curves obtained using this
correction factor for equivalent exchange and both irreversible and reversible
exchange are in good agreement with exact calculations based on the
Nernst–Planck model for spherical particles. Thus, the equivalent film model
appears to capture the essential traits of the coupled diffusion phenomenon
in ion exchange, giving results of accuracy comparable to that obtained when
using the LDF approximation for systems with constant diffusivity. The film
model approximation should be useful for numerical calculations involving
more complex equilibrium relationships and operating conditions where the
intraparticle concentration profile cannot be approximated as a parabola. A
disadvantage is that the extension to multicomponent systems is not straight-
forward, likely requiring the integration of a system of ODE’s across the film.
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NOMENCLATURE

Ci concentration of species i (mol/L)
C0 equivalent concentration (equiv/L)
D diffusivity of an adsorbate species in the adsorbed phase (cm2/s)
Di self-diffusivity of species i in the exchanger (cm2/s)
I Faraday constant
J molar flux of an adsorbate species in adsorbed phase (mol/cm2⋅s)
Ji equivalent flux of species i (equiv/cm2⋅s)
J* dimensionless molar flux of an adsorbate species in adsorbed phase

(4 rpJ/Dq0)
J*i dimensionless equivalent flux of species i (4 rpJi/DBq0)
K selectivity coefficient for exchange reaction
qi concentration of species i in adsorbed or exchanger phase (mol/L)
q0 adsorbent or exchanger capacity (mol/L or equiv/L)
r particle radial coordinate (cm)
rp particle radius (cm)
R ideal gas constant
t time (s)
T temperature (K)
v fluid velocity (cm/s)
Vr exchanger volume (L)
Vs solution volume (L)
z bed length or axial coordinate (cm)
zi charge of species i
xi equivalent fraction of species i in solution (4 ziCi/C0)
x0

i initial or feed equivalent fraction of species i in solution
yi equivalent fraction of species i in exchanger phase (4 ziqi/q0)
yi average equivalent fraction of species i in exchanger phase
y*i equilibrium equivalent fraction of species i in exchanger phase at

particle surface

Greek Letters

a diffusivity ratio (4 DB/DA)
d film thickness (cm)
e bed void fraction
f electric potential
h charge ratio (4 zB/zA)
l capacity factor for batch exchange (4 Vrq0/VsC0)
L bed capacity factor [4 (1 1 e)q0/eC0]
r dimensionless radial coordinate (4 r/rp)
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t dimensionless time (4 DBt/r2
p)

t′ dimensionless time (4 t 1 j/L)
j dimensionless axial coordinate (4 DB(1 1 e)q0z/r2

peC0v)
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